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Abstract. This paper considers to the problems of diffraction of electro-
magnetic waves on a half-plane, which has a finite inclusion in the form
of a Lipschitz curve. The diffraction problem formulated as boundary
value problem for Helmholtz equations and boundary conditions Dirich-
let or Neumann on the boundary, as well as the radiation conditions at
infinity. We carry out research on these problems in generalized Sobolev
spaces. We use the operators of potential type, that by their properties
are analogs of the classical potentials of single and double layers. We
proved the solvability of the boundary value problems of Dirichlet and
Neumann. We have obtained solutions of boundary value problems in
the form of operators of potential type. Boundary problems are reduced
to integral equations of the second kind.
Keywords: special Lipschitz domains, Helmholtz equation, Dirichlet
problem, Neumann problem, Boundary Integral Equations, operator of
potential type
1 Introduction
At present, boundary problems on Lipschitz domains have been formed in a spe-
cial field of research. This is caused both with applications in electrodynamics
and other fields, and with the theoretical importance of these studies. An exten-
sive bibliography on this range of issues and the most important the results are
given in the articles M.S. Agranovich [1,2,3], M. Costabel [4], B. Dahlberg and
C. Kenig [5], D. Jerison and C. Kenig [6,7,8], M. Mitrea and M. Taylor [9,10]. A
detailed summary of the main results of the theory of boundary value problems
on Lipschitz domains can be found in [1], [11], [12]. An essential part of this
theory is devoted to boundary integral operators. A summary of the theory of
integral operators on Lipschitz Domains is contained in article [4]. Note that this
work is the most cited in this field. An important property of the Lipschitz do-
main is the possibility approximations by infinitely differentiable domains from
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either side boundaries of this domain (see [1], [13]). Lipschitz domains also sat-
isfy the condition of a uniform cone (see [1,14]). These properties are used in
the present paper to investigate the solvability of boundary value problems of
diffraction on an unbounded boundary with a Lipschitz inclusion.
In the papers [15]–[17] we investigated the boundary value problems for the
Helmholtz equation in domains with an rough smooth and piecewise smooth
boundaries. These studies are based on the use of generalized potentials of sin-
gle and double layers. In contrast to the classical potentials defined on closed
domains, generalized potentials are considered on open curves and on domains
with an infinite boundary. In the present paper this technique is extended to the
case of a half-plane with a Lipschitz inclusion of finite size.
In the study of boundary value problems on Lipschitz boundaries we are
introduced the operators of potential type. These operators are analogues ana-
logues of operators of single and double layers and have properties close to those
of the classical potentials of single and double layers, which makes it possible
to apply, after necessary refinements, the same reasoning technique as in the
classical case (e.g., see [3], [4]).
2 Statement of the problem
A function h : R → R is called Lipschitz if there exist C > 0 such that
|h(x)− h(x′)| 6 C |x− x′| for all x, x′ ∈ R.
Let D ≡ D+ = {(x, y) ∈ R2 : y > h(x)}, where h(x) is Lipschitz function
with finite support. In the terminology of publications [2,3,18] this domain is a
special Lipschitz domain. In [5] recommender use the notation Ω for bounded
Lipschitz domains and D for special Lipschitz domains respectively.
The boundary of the domain D can be represented in the form ∂D = Γ1∪Γ2
Γ1 = {(x, h(x)) : x 6∈ [0, d]} , Γ2 = {(x, 0) : x ∈ [0, d]} , supp h = [0, d].
We note that this is a special case of rough boundary (e.g., see [16], [19], [20]).
Let D− =
{
(x, y) ∈ R2 : y < h(x)}.
We formulate the problem in the following terms. Find a function u(x, y) ∈
H1(Ω), such that
∆u(M) + k2u(M) = 0, M = (x, y) ∈ D, (1)
and the Dirichlet boundary condition
γu(P ) = f(P ), P ∈ ∂D, (2)
or the Neumann boundary condition
γ′u(P ) = g(P ), P ∈ ∂D, (3)
and the radiation condition at infinity
u∗ = eikrO
(
1√
r
)
,
∂u∗
∂r
− iku∗ = eikro
(
1√
r
)
, r →∞, (4)
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where r =
√
x2 + y2 and u∗(x, y) = u(x, y)− u˜(x, y). Through u˜+, u˜− denoted
by the solution of the diffraction problem on the half-plane ([15,16,17]).
Here f ∈ H1/2(∂D), g ∈ H−1/2(∂D), k ∈ C \ {0}, Im k > 0. Through Ht
denoted the Sobolev spaces (e.g., see [1,21]). Let P ∈ ∂D, denote by
γu(P ) ≡ u|∂D (P ) = lim
M→P,M∈Λα(P )
u(M)
– trace of the function u on the boundary ∂D, where
Qα(P ) ≡ {M ∈ D : |M − P | < (1 + α)d(M,∂D)} , α > 0
– Luzin sector. Denote by
γ′u(P ) ≡ ∂nu|∂D (P ) = (n(P ), (∇u)|∂D (P )) .
Note that γ : Ht(D) → Ht−1/2(∂D), γ′ : Ht(D) → Ht−3/2(∂D) (e.g.,
see [18], [22]).
These problems are used as a mathematical model for finding the electro-
magnetic field resulting from the diffraction of an electromagnetic plane wave
in regions with an infinite rough boundary. From a physical point of view, the
boundary value problem with condition (2) corresponds to the diffraction prob-
lem TE–polarized electromagnetic wave, and the problem with the condition (3)
– the problem of diffraction TM–polarized wave (e.g., see [23]).
3 Uniqueness of the solution of boundary value problems
To derive Green’s formulas, the Lipschitz domain is approximated by domains
with smooth boundaries. According to the results of article [13] (e.g., see [3])
for a Lipschitz domain D there is a sequence of C∞ domains, Dj ⊂ D, and
homeomorphisms, Λj : ∂D → ∂Dj , such that supP∈∂D |Λj(P )− P | → 0 as
j → ∞ and Λj(P ) ∈ Qα(P ) for all j and all P ∈ ∂D, the normal vectors
n (Λj(P )) to Dj coverge pointwise a.e. and in L2 (∂D) to n(P ). For a special
Lipschitz domain D from the section 2 choose an approximating sequence of
domains with condition
Γ1 = {(x, 0) : x ∈ R \ [0, d]} ⊂ ∂Dj ∩ ∂D.
Theorem 1. If the condition Imk > 0 the boundary value problems (1), (2),
(4) have no more than one solution.
Theorem 2. If the condition Imk > 0 and Rek 6= 0 the boundary value prob-
lems (1), (3), (4) have no more than one solution.
Proof. Let {Dj}j∈N be a system of smooth domains approximating the domain
D. Let u, v be two solutions of the boundary value problem and w = u− v.
On the part of the boundary Γ1, because Γ1 ⊂ ∂D ∩ ∂Dj, we have
γD|Γ1 w = γDj
∣∣
Γ1
w = w|Γ1 = 0, γ′D|Γ1 w = γ′Dj
∣∣∣
Γ1
w = ∂νw|Γ1 = 0.
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Further, since
γDju→ γDu, γDjv → γDv,
we have
w|∂Dj ≡ γDjw = γDj (u− v)→ 0, j →∞.
Similarly,
∂νw|∂Dj ≡ γ′Djw = γ′Dj (u − v)→ 0, j →∞.
Consider functions ws ∈ C∞ such that ws → w, s → ∞. Let R > d be a
real number and SR a circle of radius R. In the bounded smooth region Dj,R =
Dj ∩ SR we apply the second Green’s formula to the functions ws ws:∫
Dj,R
(ws∆ws + ws∆ws) dσ =
∫
∂Dj,R
(ws ∂νws − ws ∂νws) dℓP .
In the limit to R→∞, we obtain∫
Dj
(ws∆ws + ws∆ws) dσ =
∫
∂Dj
(ws ∂νws − ws ∂νws) dℓP .
Further, in the last formula we pass to the limit with respect to s→∞ and take
into account the limit relations
ws(P )→ w(P ), ws(P )→ w(P ), P ∈ Dj ,
ws|∂Dj → w|∂Dj , ws|∂Dj → w|∂Dj ,
∂νws|∂Dj → ∂νw|∂Dj , ∂νws|∂Dj → ∂νw|∂Dj .
As a result, we obtain∫
Dj
(w∆w + w∆w) dσ =
∫
∂Dj
(w ∂νw − w ∂νw) dℓP .
Now we pass to the limit with respect to j → ∞, taking into account the
approximation properties of a Lipschitz domain D by smooth domains.∫
D
(w∆w + w∆w) dσ =
∫
∂D
(γDw γ
′
Dw − γDw γ′Dw) dℓP . (5)
Because the ∆w = −k2w, ∆w = −k2w, then the left-hand side of the
equality (5) takes the form
i4Rek Imk
∫
D
|w|2 ∂σ.
Boundary Value Problems for the Helmholtz Equation 5
As a consequence of the boundary conditions of the boundary value problem,
the right-hand side of equation (5) is 0.
Since Rek 6= 0, Imk ≥ 0, we have∫
D
|w|2 dσ = 0.
From the last relation we conclude that w ≡ 0 is satisfied in region D and,
as a consequence, we obtain u = v.
4 Existence of solutions of boundary value problems
One method of solving boundary value problems of diffraction is the method of
integral equations (e.g., see [24], [25]). In the classical theory, boundary value
problems are considered on bounded domains with a sufficiently smooth bound-
ary, the potentials of the single and double layers are used, as well as the tech-
nique of Green’s formulas. In the case of a deterioration of the properties of the
boundary, it is required to refine the definitions of the potentials and the con-
ditions for the applicability of the Green’s formulas. In the study of boundary
value problems for the Helmholtz equation on rough boundaries, we used gen-
eralized potentials ([15]–[17]). In the case of Lipschitz boundaries, the extension
of the concept of a potential is called a potential type operator. We note that
in the case of Lipschitz domains the properties of operators of potential type
are analogous to those of classical potentials of a single and double layers, in
particular, formulas for the jump of values on the boundary.
As shown in my works [15]–[17] in the case of an rough boundary from class
C(1,ν), ν ∈ (0, 1], under the conditions Im k > 0, Re k 6= 0 the boundary value
problem has a unique solution and for the solution we have the representation
u(x, y) = u˜(x, y) + v(x, y),
v(x, y) = (W (k)ϕ) (x, y) =
∫
∂D
∂n(P )G1(k;M,P )ϕ(τ) dsP (6)
– in the case of the problem with the condition (2) on the boundary ∂D and
v(x, y) = (V (k)ϕ) (x, y) =
∫
∂D
G2(k;M,P )ϕ(τ) dsP (7)
– in the case of condition (3) on the boundary. The functionϕ(x) is a solution of
the integral equation
−πϕ(x) +
d∫
0
∂n(P )G1(k;M,P )
√
1 + h′2(τ)ϕ(τ) dτ = −f(M) + u˜(M) (8)
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– in the case of condition (2) on the boundary and
−πϕ(x)+
d∫
0
∂n(M)G2(k;M,P )
√
1 + h′2(τ)ϕ(τ) dτ = −g(M)+∂n(M)u˜(M) (9)
– in the case of condition (3) on the boundary.
These formulas use functions
Gm(k;M,P ) =
πi
2
{
H
(1)
0 (kr) + (−1)mH(1)0 (kr∗)
}
, m = 1, 2,
M = (x, h(x)), P = (τ, h(τ)), r =
√
(x− τ)2 + (y − h(τ))2, r∗ =
√
(x− τ)2 + (y + h(τ))2,
d = supph(x) – the length of the irregular part of the boundary ∂D. Through
H
(1)
0 (z) denotes the Hankel function of the first kind of order zero (e.g., see [26]).
In the case of a special Lipschitz domain D, we consider the operators
(V(k)ϕ) (M) =
∫
Γ2
G2(k;M,P )ϕ(τ) dℓP , M ∈ D, (10)
(W(k)ψ) (M) =
∫
Γ2
∂n(P )G1(k;M,P )ψ(τ) dℓP , M 6∈ ∂D. (11)
Here n(P ) is the unit normal vector at the point P directed to the region
y > 0. This vector is defined for almost all P ∈ ∂D.
For M = (x, h(x)) ∈ ∂D we define
V (k)ϕ(x) = lim
ε→0
∫
|M−P |>ε
G2(k;M,P )ϕ(τ) dℓP .
From the results of [13] (e.g., see [25]) the following statements.
Lemma 1. If ϕ ∈ Lp (∂D), 1 < p < ∞, then there is the direct value of the
normal derivative of the operator (10)
V ′(k)ϕ(x) ≡ [∂n(M) (V(k)ϕ)] (x) = lim
ε→0
∫
|M−P |>ε
∂n(M)G2(k;M,P )ϕ(τ) dℓP .
Here the limit is understood in the sense of convergence in Lp (∂D) or pointwise
convergence for almost all M ∈ ∂D.
The normal derivative ∂n(M) (V(k)ϕ) for almost all M ∈ ∂D has nontangen-
tial limits ∂n(M) (V(k)ϕ)± on the side D±, which are expressed by formulas
∂n(M) (V(k)ϕ)± = ±
1
2
ϕ+ V ′(k)ϕ. (12)
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Lemma 2. If ψ ∈ Lp (∂D), 1 < p < ∞, then almost everywhere on ∂D there
exists the limit
W (k)ψ(x) = lim
ε→0
∫
|M−P |>ε
∂n(P )G1(k;M,P )ψ(τ) dℓP . (13)
This limit is called the direct value of the operator W(k)ψ.
Lemma 3. If ψ ∈ Lp (∂D), 1 < p < ∞, then almost everywhere on the bound-
ary ∂D has nontangential limits (W(k)ψ)± on the side D±, and the following
equalities hold:
(W(k)ψ)± ψ = ∓
1
2
ψ +W (k)ψ. (14)
For the operators (10), (11), the basic potentials are satisfied (e.g., see [1,2,3]).
Therefore, we can consider them analogues of the potentials of a single and a
double layer. These operators are called operators of the potential type.
The following propositions hold (e.g., see [4,6,7,8,9])
V(k) : Ht−1/2 (∂D)→ Ht+1/2 (∂D) ,
W(k) : Ht+1/2 (∂D)→ Ht+1/2 (∂D) , −1
2
6 t 6
1
2
,
V(k) : L2 (∂D)→ H1 (∂D) , W(k) : H1 (∂D)→ H1 (∂D) .
Let {Dj}j∈N be a system of smooth domains approximating the Lipschitz
domain D. We denote by {uj} the sequence of solutions of boundary value
problems in smooth domains Dj . This sequence can be adjusted so that uj |Dk =
uk, k 6 j.
In each smooth domain Dj we consider the boundary value problem
∆u(M) + k2u(M) = 0, M ∈ Dj,
u|∂Dj = uj+1|∂Dj
and, in addition, we require that the function u satisfy the radiation condi-
tions (4).
Note that the value of the function uj+1 on ∂Dj is defined by virtue of the
fact that Dj ⊂ Dj+1.
For a given boundary value problem, the solvability conditions are satisfied;
therefore, for each j there exists a classical solution u˙j of this problem.
But, as a function of uj+1 in Dj also satisfies the conditions of the boundary
value problem, then, by the uniqueness, we get
u˙j = uj+1|Dj .
Note also that on the general section boundary areas Dj and Dj+1 we have
u˙j|∂Dj∩∂Dj+1 = uj+1|∂Dj∩∂Dj+1 = f |∂Dj∩∂Dj+1
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– in the case of the Dirichlet problem and
∂ν u˙j |∂Dj∩∂Dj+1 = ∂νuj+1|∂Dj∩∂Dj+1 = g|∂Dj∩∂Dj+1
– in the case of the Neumann problem.
For each finite set of solutions {u0, u1, . . . , uj} of the boundary value problems
in the domains D0, D1, . . . , Dj can perform such adjustment, starting from the
value j and reducing to index 0. As a result, reasoning by induction, we obtain
the sequence of functions u0(x, y), u1(x, y), . . . satisfying the following conditions.
(i) For each j ∈ N, function uj(x, y) at all points of the domain Dj is a
solution of the Helmholtz equation.
(ii) If k 6 j, then uk(x, y) = uj(x, y)|Dk .
(iii) In the case of the Dirichlet problem, uj|∂Dj∩∂Dj+1 = f |∂Dj∩∂Dj+1 , and
∂νuj |∂Dj∩∂Dj+1 = g|∂Dj∩∂Dj+1 – in the case of the Neumann problem.
(iv) In the domain Dj , the function uj can be represented as a generalized
potential with a density ϕj(x) found as a solution of the integral equation (8)
or (9).
Thus, we obtain a sequence of functions ϕj(x). Let us show that this sequence
is fundamental in L2 [0, d]. Let R > d be a real number, we define the domain
SR =
{
(x, y) : x2 + y2 > R2, y > 0
}
.
Consider in SR the two functions ui and uj of this sequence and for definite-
ness, assume that i > j.
As shown, the functions ui and uj coincide in domain Dj, and hence in
SR,i = SR ∩Di we have
ui(x, y)− uj(x, y) = 0, i > j. (15)
We write the last relation, using the representation of solutions of boundary
value problems in the form of potentials (6) and (7).
In the case of the Dirichlet problem, we have
(ui − uj)|SR,i =
∫
∂Di\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP−
∫
∂Dj\Γ1
∂n(P )G1(k;M,P )ϕj(τ) dℓP .
In the case of the Neumann problem, we have
(ui − uj)|SR,i =
∫
∂Di\Γ1
G2(k;M,P )ϕi(τ) dℓP −
∫
∂Dj\Γ1
G2(k;M,P )ϕj(τ) dℓP .
Since the function ϕi is defined as in domain Di and in the domain Dj
(Dj ⊂ Di with j < i), we can consider the potential on the boundary ∂Dj with
a density ϕi. Then the following relations hold:∫
∂Di\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP −
∫
∂Dj\Γ1
∂n(P )G1(k;M,P )ϕj(τ) dℓP =
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=
∫
∂Di\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP −
∫
∂Dj\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP
+
∫
∂Dj\Γ1
∂n(P )G1(k;M,P ) (ϕi(τ) − ϕj(τ)) dℓP .
Hence, from the last relation and from (15) we obtain∫
∂Dj\Γ1
∂n(P )G1(k;M,P ) (ϕi(τ) − ϕj(τ)) dℓP =
=
∫
∂Dj\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP −
∫
∂Di\Γ1
∂n(P )G1(k;M,P )ϕi(τ) dℓP .
Similarly, in the case of the Neumann problem, we have∫
∂Dj\Γ1
G2(k;M,P ) (ϕi(τ) − ϕj(τ)) dℓP =
∫
∂Dj\Γ1
G2(k;M,P )ϕi(τ) dℓP
−
∫
∂Di\Γ1
G2(k;M,P )ϕi(τ) dℓP .
The right-hand sides of the last relations for j → ∞ tend to 0, since ∂Dj ,
∂Di approach ∂D. From these relations and the properties of approximation
by smooth domains, convergence of the sequence of functions {ϕi} follows. We
denote by ψ∗, ϕ∗ the limits of the sequence of densities in the case of the Dirichlet
and Neumann problem, respectively.
We show that the functions u∗ = W(k)ψ∗ + u˜, v∗ = V(k)ϕ∗ + v˜ satisfy the
conditions of the boundary value problem.
The use of the trace operator γ to the function u∗ and the operator γ′ to the
function v∗, by Lemmas 1 and 3, leads to the relations
γu∗ = −1
2
ψ +W (k)ψ + u˜|∂D , γ′u∗ =
1
2
ϕ+ V ′(k)ϕ+ v˜|∂D .
The latter relations are understood in the sense of the nontangential limit of
functions whose values on ∂D have the same values as f or g (depending on the
boundary condition). Therefore, we arrive at the conclusion that the relations
γu∗(P ) = f(P ), γ′v∗(P ) = g(P ), P ∈ ∂D.
As a result, we conclude that the following theorems hold.
Theorem 3. Under condition Im k > 0, the sequence {ψj(x)}∞1 of the solutions
of integral equations (8) converges in a space L2[0, d] to a function ψ(x) such
that the function
u(M) = u˜ (M) + (W(k)ψ) (M)
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is a solution of the boundary value problem with the Dirichlet condition on the
boundary. We denote by u˜ the solution of the Dirichlet problem on the half-plane,
and W(k)ψ is the potential type operator defined by (11).
Theorem 4. Under conditions Im k > 0 and Re k 6= 0, the sequence {ϕj(x)}∞1
of the solutions of the integral equations (9) converges to a function ϕ(x) in the
space L2[0, d] such that the function
u (M) = v˜ (M) + (V(k)ϕ) (M)
is a solution of the boundary value problem with the Neumann condition on the
boundary. We denote by v˜ the solution of the Neumann boundary value problem
on the half-plane, and V(k)ϕ is the potential type operator defined by (10).
Theorem 5. There exists a unique solution u(x, y) of the boundary value prob-
lems under consideration, and the representations hold
u = u˜+W(k)
[
(I −W (k))−1 f
]
in the case of the Dirichlet problem,
u = v˜ + V(k)
[
(I − V ′(k))−1 g
]
in the case of the Neumann problem.
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